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Chapter 4
Initial-Value Problems

4.1 Introduction
This chapter is to solve ordinary differential equations of the form

dy
a—f(x,}’)

the method was of the general form
new value = old value + slope X step size
or, in mathematical terms,
Yi+1 = Yi T @h

According to this equation, the slope estimate of ¢ is used to extrapolate from an old value y; to a
new value y;,, over a distance h. The following Figure shows a one-step method. All one-step
methods can be expressed in this general form, with the only difference being the manner in which

the slope is estimated.

= yi+ b

~— Slope = ¢

Step size = &
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The first derivative provides a direct estimate of the slope at x; as shown in the following Figure:
@ = f(x, ¥
where f(x;, y;) is the differential equation evaluated at x; and y;.
This estimate can be substituted into
Yirr =Yi+ f(y)h
This formula is referred to as Euler’s (or the Euler-Cauchy or the point-slope) method. A new value

of y is predicted using the slope (equal to the first derivative at the original value of x) to extrapolate

linearly over the step size h.

F 4

/

True solution
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Example 1: Use Euler’s method to numerically integrate

d
& X34+ 12x2—20x+85
dx

From x = 0 to x = 4 with a step size of 0.5. The initial condition at x = 0 is y = 1. Recall that the

exact solution is
y=-05x*+4x3—-10x2+85x+1
Solution
One step
y(0.5) = y(0) + £(0,1) 0.5
Where y(0) = 1 and the slope estimate at x = 0 is
£(0,1) = =2 (0)3 + 12 (0)2—20 (0) + 8.5 =85
Therefore,
y(0.5) =1+ 8.5 (0.5) = 5.25
The true solution at x = 0.5 is
y(0.5) = —0.5 (0.5)* + 4 (0.5)3 — 10 (0.5)% + 8.5(0.5) + 1 = 3.2175
Thus the error
E; = true — approximate = 3.2175 — 5.25 = —=2.03125 or — 63.1 %
Second step
y(1) = y(0.5) + f(0.5,5.25) 0.5

=5.25+[-2(0.5)3+ 12 (0.5)2 — 20 (0.5) + 8.5]0.5 = 5.75
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x Ytrue YEuler
0 1 1
0.5 3.21875 5.25
1 3 5.75
1.5 2.21875 5.125
2 2 4.5
2.5 2.71875 4.75
3 4 5.75
3.5 4.71875 7.125
4 3 7

4.3 Improvements of Euler’s Method

Two simple modifications actually belong to a larger class of solution techniques called Runge-Kutta
methods are available:
4.3.1 Heun’s Method
One method to improve the estimate of the slope involves the determination of two derivatives for
the interval—one at the initial point and another at the end point. The two derivatives are then
averaged to obtain an improved estimate of the slope for the entire interval. This approach, called

Heun’s method, is depicted graphically in the following Figure.

Slope = flx,_ .. ¥5. )

—-’-"'

Slope =
flx, )
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(a)
Recall that in Euler’s method, the slope at the beginning of an interval
yi = fCey0)

4
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|s used to extrapolate linearly toy;,,

Vi1 = Vi + f(xu, y)h
The standard Euler method stopped at this point. However, in Heun’s method the y?, , is not the final
answer, but an intermediate prediction. This is why we have distinguished it with a superscript 0. The
equation is called a predictor equation Figure (a). It provides an estimate of y;,, that allows the
calculation of an estimated slope at the end of the interval:

Vier = f(xi+1»3’i0+1)

Thus, the two slopes can be combined to obtain an average slope for the interval:

_ Vi +Yis _ [y + [ (Xip1, Viv1)
O 2

This average slope is then used to extrapolate linearly fromy; to y;,,

F e, vi) + (e, ¥1) B
2

Yit1 = Yi +

which is called a corrector equation Figure (b).
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1 Slope = fla, y) + My, 4 Wy 0)
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An old estimate can be used repeatedly to provide an improved estimate of y; ;.
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A termination criterion for convergence of the corrector is provided by

i _ . J-1
Yivr — Visa
Jj
Yit1

leal = 100%

Where y/" and y/,, are the result from the prior and the present iteration of the corrector,
respectively.
Example 2: Use Heun’s method to integrate y' = 4e%8* — 0.5y from x = 0 to x = 4 with a step

size of 1. The initial conditionatx = 0isy = 2

Note that the following analytical solution is used to generate the true solution values

- (eo.8x _ e—O.Sx) + ze—O.Sx

Y=13

Solution: First, the slope at initial condition
ys = 4e® —0.5(2) =3
By using predictor to obtain an estimate of y at 1:
y?=2+3(1)=5

To predict the slope at the end of the interval

yi = f(xg,yY) = 4e%8W — 0.5(5) = 6.40214
which can be combined with the initial slope to yield an average slope over the interval from x =0 to
1

3+ 6.402164
y' = — = 4.701082

which is closer to the true average slope of 4.1946. This result can then be substituted into the
corrector to give the predictionat x = 1

vy, =2+ 4.701082(1) = 6.701082
which represents a true percent relative error of -8.18%. Thus, the Heun method without
iteration of the corrector reduces the absolute value of the error by a factor of about 2.4 as

compared with Euler’s method. At this point, we can also compute an approximate error as

N [3 + 428 — 0.5(6.701082)]
2

y, =2 (1) = 6.382129

which represents an |et | of 3.03%.0




Chemical and Petroleum Refining Engineering

Numerical Methods / 3" stage

Iterations of Heun’s Method
15
X Ytrue YHeun lec|% YHeun lec|%
0 2 2 0 2 0
1 6.1946314 6.7010819 8.18 6.3608655 2.68
2 14.8439219 16.3197819 9.94 15.3022367 3.09
3 33.6771718 37.1992489 10.46 34.7432761 3.17
4 75.3389626 83.3377674 10.62 77.7350962 3.18

The following Figure shows comparison of the true solution with a numerical solution using Euler’s

and Heun’s methods

Euler's method

Heun's method

True solution

4.3.2 The Midpoint (or modified Euler) Method
This technique uses Euler’s method to predict a value of y at the midpoint of the interval (Figure a):

h
Yisjz2 =Yi + f(xi;:Vi)E

This predicted value is used to calculate a slope at the midpoint:

yi’+1/2 = f(xi+1/2'yi+1/2)

which is assumed to represent a valid approximation of the average slope for the entire interval.
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This slope is then used to extrapolate linearly from x; to x; 4

Vier = Vi + F (Xiv1/2. Yiv1/2)h

Slope = flx,, 2 ¥y vl

F

¥

(£)

4.4 Runge-Kutta Methods

Runge-Kutta (RK) methods can be cast in the generalized form
Yirr = Yi + 0(x;, ¥, A
QD =aky +ayk, + -+ ayk,
where @(x;, y;, h) is called an increment function, which can be interpreted as a representative slope

over the interval. The increment function can be written in general form as where the a’s are constants

and the k’s are
kl = f(xi' yl)

k, = f(x; + p1h,y; + q11k1h)

ks = f(x; + p2h, yi + qa1kih + q22k2h)
8
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ky, = f(xi + Pp-1hyi + du-11kih + g1 2k + - + qn—l,n—lkn—lh)

where the p’s and q’s are constants.

Notice that the first-order RK method with n = 1 is Euler’s method.

4.5 Second-Order Runge-Kutta Methods

The second-order version is
Yirr = Yi + (a1ky + azky)h
Where
ki = f(xi,v1)
ky = f(x; + p1h, yi + qi1kih)

values for a4, a,, p;, and g, are evaluated by the three equations are

a1 + a2 == 1
1
ap1 = E
aqq1 = E

Suppose that a value for a, is specified then can be solved simultaneously for

a1=1_a2
_ _ 1
P1—Q11—2a2

Because we can choose an infinite number of values for a,, there are an infinite number of second
order RK methods.
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4.5.1 Heun Method with a Single Corrector (a; = %)

If a, is assumed to be 1/2, can be solved for a; = % and p; = q11 = 1.
1 1
Yits1 =Yi t+ (§k1 +Ek2) h
Where
kl = f(xi' yl)
ky=f(;+hy +h)

Note that k; is the slope at the beginning of the interval and k, is the slope at the end of the interval.
Consequently, this second-order Runge-Kutta method is actually Heun’s technique without iteration.
4.5.2 The Midpoint Method (a, = 1).

If a, is assumed to be 1, then a; =0, p; = q1; = %
Yit1 = Yi T kah

Where
kl = f(xi' yl)
1 1
kz = f(xi +Eh,yl +Ek1h)

This is the midpoint method.

4.3.3 Ralston’s Method (a, = ;).
By choosing a, = éprovides a minimum bound on the truncation error for the second-order RK

algorithms. For this version, a; = %andp1 =qu = %and yields
1 2
Vi = v+ (3l + 5k )
Where

ky = f(x,yi)
3 3
k, =f<xi+zh,yi+zk1h)

10
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EXampIe 3: Use the midpoint method and Ralston’s method to numerically integrate
flx,y)=—-2x34+12x?>—-20x+8.5

from x = 0 to x = 4 using a step size of 0.5. The initial conditionatx =0isy = 1.
Solution: The first step in the midpoint method is to compute

k, =—2(0)3+12(0)2—20(0) +8.5=85
However, because the ODE is a function of x only, so

k, = —2(0.25)3 + 12 (0.25)%2 — 20 (0.25) + 8.5 = 4.21875
The slope at the midpoint is
y(0.5) = 1 + 4.21875(0.5) = 3.109375 ¢, = 3.4%

For Ralston’s method,

k, =-2(0)3+12(0)2—-20(0) +8.5=8.5

k, = —2(0.375)3 4+ 12 (0.375)2 — 20 (0.375) + 8.5 = 2.58203125

The average slope is computed by

1 2
@ = 5(8.5) + 5(2.58203125) = 4.5546875

which can be used to predict
y(0.5) = 1 + 4.5546875(0.5) = 3.27734375 ¢; = —1.82%

x Ytrue YHeun lec|% Ymidpoint lecl% | Yraiston | l€c1%
0 1 1 0 1 0 1 0
0.5 3.21875 3.4375 6.8 3.109375 3.4 |3.277344| 18
1 3 3.375 12.5 2.8125 6.3 3.101563 | 3.4
1.5 2.21875 2.6875 21.1 1.984375 10.6 | 2.347656 | 5.8
2 2 2.5 25 1.75 12.5 |2.140625| 7
2.5 2.71875 3.1875 7.2 2.484375 86 |2855469| 5

3 4 4.375 9.4 3.8125 47 |4.117188| 2.9
3.5 4,71875 4.9375 4.6 4.609375 23 | 4.800781| 1.7
4 3 3 0 3 0 3.03125 1

11
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Analytical
Y4 gy Euler
= Heun
®—9 Midpoint
de——d Ralston

4.6 Third-Order Runge-Kutta Methods

Forn= 3,
1

Yit1 =Yi + 3 (ki + 4k, + k3)h

Where
ky = f(xi,yi)
1 1
kz = f(xi +§h’yl +Ek1h)
k3 - f(xi + h,yi - klh + Zkzh)

4.7 Fourth-Order Runge-Kutta Methods

The most popular RK methods are fourth order.

1
Yit1 =Yi + g(k1 + 2k, + 2k3 + ky)h
Where

ki = f(xiyi)

1 1
k, =f<xi +5hy, +Ek1h)

12
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ks = f(x; + h,y; + k3h)

Example 4: Use the fourth order RK method to numerically integrate
(a) f(x,y) =—-2x3+12x*>—20x+ 8.5
from x = 0 to x = 4 using a step size of 0.5. The initial conditionatx =0isy = 1.

(b) y' = 4e%8* — 0.5y from x = 0 to x = 4 with a step size of 1. The initial condition at x = 0 is

y =2
Solution: (a)
k, = 8.5,k, = 4.21875,k; = 4.21875 and k, = 1.25
1
y(0.5) =1+ g(8.5 + 2(4.21875) + 2(4.21875) + 1.25)0.5 = 3.21875
Solution: (b)

ki, = £(0,2) = 4e°8® — 0.,5(2) =3
y(0.25) = 2 + 3(0.25) = 2.75
k, = £(0.25,2.75) = 4e%8(025 _ 0. 5(2.75) = 3.510611
y(0.25) = 2 + 3.510611(0.25) = 2.877653
ks = £(0.25,2.877653) = 4e°8(025 _ 0,5(2.877653) = 3.446785
y(0.5) = 2 4+ 3.071785(0.5) = 3.723392

k, = £(0.5,3.723392) = 48005 — 0,5(3.723392) = 4.105603

1
0 =2 (3 +2(3510611) + 2(3.446785) + 4.105603) = 3.503399

y(0.5) = 2 + 3.503399(0.5) = 3.751699
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